ABSTRACT We present a novel constellation-splitting criterion in the multiple parameters weighted-type fractional Fourier transform (MP-WFRFT) modulations. First, the signal superposition characteristics are studied and the related four theorems are put forward and proved. Second, to get the expected constellation pattern, we build the optimization model with the defined constraints. Then, the genetic algorithm is adopted to optimize the designed model. Finally, numerical results are presented to validate the proposed theorems, and the bit error rate performance shows that the MP-WFRFT can be utilized to guarantee the communication security.
I. INTRODUCTION
The Weighted-type Fractional Fourier Transform (WFRFT) was first put forward by Shih [1] in 1995. And Shih [1] pioneers the application of WFRFT theory to the optical communications [1] . A Hybrid Carrier (HC) communication system based on WFRFT is introduced by Mei [2] , [3] . HC can be regarded as the convergence of Multi-Carrier (MC) and Single Carrier (SC) systems and can be switched flexibly between the SC and MC system when the parameters are set properly [3] . The WFRFT-modulated communication system can make the signal distributed in the time-frequency plane, which helps enhance the system's anti-interference capacity and gain many specific advantages when compared to SC and MC communication systems [3] , [4] .
A great amount of work has been done on the HC's properties and applications. Over the same communication channel state, HC communication system can enhance the system performance when the WFRFT order α is properly selected [5] - [8] . It has also been proved that HC communication system still has better performance in the communication channels with severe Inter-Symbol Interference (ISI) and Inter-Carrier Interference (ICI) [5] , [8] , [9] . Moreover, due to the time-frequency distribution and constellation's diversity characteristics, WFRFT-based system has been adopted in many communications' scenarios, such as underwater acoustic communications, PHY secure communications and dual-polarized satellite communications, encryption communications, etc. Wang et al. [10] proposed a Hybrid Carrier Modulation(HCM) scheme based on WFRFT over Underwater Acoustic Channels(UAC), and proved the HCM outperforms both MC and SC modulations in BER over UAC mainly because WFRFT's time-frequency distribution can better match the double-dispersion property of UAC. In [11] , Fang provided a WFRFT based user cooperation strategy on physical (PHY) layer security, and the Gaussianlike components of WFRFT signals can serve as an artificial noise for the eavesdropper while causing no degradation on the intended users. In [12] and [13] , owing to the constellation's blurring characteristics, Luo adopted the WFRFT processing technology in the polarization modulation-based dual-polarized satellite systems, and also demonstrated that a satisfactory security performance could be obtained. Naznin et al. [14] provided a novel way to utilize WFRFT as an encryption method in the encrypted color image transmission because of the WFRFT signals' disguising characteristics. Recently, our team has been extensively engaging in related research on WFRFT. In [15] and [16] , we embedded WFRFT into the Transform Domain Communication System (TDCS) and proved WFRFT can assist the traditional TDCS improving its anti-intercepting ability. We also deeply explored WFRFT signals' inherit characteristics, such as modulation recognition [17] , anti-parameter scanning ability [18] , [19] and Narrow Band Interference(NBI) suppression performance [20] . Furthermore, we also demonstrated the feasibility and effectiveness of WFRFT's applications in PHY secure communications [21] and covert satellite communications [22] - [24] . In view of the above-mentioned facts, the WFRFT-modulated communication system will be a promising technology in the future communication system. However, among the related works on WFRFT, most of them mainly focus on the performance of the communication system, which are limited to the case with only one parameter α into consideration. According to [25] , other more parameters will also affect the WFRFT modulated signals' characteristics. In order to have a much greater and more sophisticated understanding of the WFRFT operation principle, a Multiple Parameters WFRFT (MP-WFRFT) with parameters [α, V ] is proposed, where V is the parameter vector in the Unified FRFT(UFRFT) [26] , [27] . Compared with the Single Parameter WFRFT(SP-WFRFT), the MP-WFRFT has a much more complicated constellation mapping criterion and can help reduce the probability that the eavesdroppers attempt to grab the accurate parameter set by scanning the parameters [28] . As one of the signal's characteristics, the MP-WFRFT constellation patterns have important effects on the modulation mode recognition and anti-interference ability and then are often discussed and studied.
Considering that there also exists constellation splitting in multipath fading channels, Mei builds a model based on twopath Rayleigh channels to analyze the constellation-splitting criterion [28] . By using geometry analysis methods, the directions of the movement are given out, which explains how constellation splitting occurs. Nevertheless, the situation in multipath fading channels is somewhat different from the one in MP-WFRFT modulations. Then, Fang analyzes the MP-WFRFT constellation directly by defining the constraints of some parameter alternatives [29] , [30] . To some extent, Fang reveals the constellation-splitting process, and tells how to estimate the number of constellation points. In MP-WFRFT based systems, to get a desired constellation disguising performance, we should have a deep insight into the inherent constellation splitting mechanism and then seek out the corresponding parameters selection methods, which can finally boil down to finding a proper parameter set [α, V ] to get expected constellation-splitting patterns with a controllable Gaussian-like noise. However, the inherent splitting mechanism is still unknown and how to properly set the parameters remains to be a problem.
From what has been mentioned above, it is necessary to have a deep analysis on the constellation splitting mechanism and form the corresponding splitting criterion. In this paper, four theorems about the signal superposition characteristics are put forward and proved through geometrical analysis in detail. Based on the signal superposition characteristics in the time domain, we build the optimization model to get the expected constellation pattern. Besides, to solve the optimization programming, we adopt the intelligent algorithm Genetic Algorithm (GA) to obtain the perfect parameters.
Notation: In this paper, parallel, perpendicular, and equivalence are denoted as //, ⊥, and ∼ = respectively. R + and N + denote the sets of nonnegative real numbers and nonnegative integers respectively. Moreover, − → AB denotes a line from point A to point B. A,B is the length of − → AB. |·| and are utilized to calculate the magnitude and angle of a vector respectively. Finally, I N is the N × N identity matrix, and F N is the normalized N × N Discrete Fourier Transform (DFT) matrix.
The rest sections of this paper are organized as follows. In section II, the definition of MP-WFRFT is introduced. In section III, four theorems about the signal superposition characteristics are put forward and proved. In section IV, the optimization model is built and the related constraints are defined. In section V, simulations are conducted to validate the theorems and the GA optimization results are also displayed. Conclusions and future work are drawn in the last section.
II. DEFINITION OF MP-WFRFT
Let X 0 (n), (n = 0, 1, · · · , N −1) denote an arbitrary complex sequence with a baseband modulation. Through the commonly used modulations(ASK,PSK and QAM), the original signals can be simply regarded as the combination of two different parts, namely, the In-phase parts and Quadrature parts. Thus, without loss of generality, we will take 4QAM as the baseband modulation and simply treat X 0 (n) as the 4QAM signals. Besides, in view of the fact that the timedomain part has a direct effect on the constellation-splitting characteristic and the frequency-domain part determines the power of the equivalent Gaussian-like noise [3] , [30] , we will simply consider the condition that the period of α is equal to 4. In this paper, Let M denote the period of α, then M = 4. And the same analytical methods and deductions can be adopted and the similar properties on MP-WFRFT can also be obtained when M > 4.
Let X 1 (n), X 2 (n) and X 3 (n) denote 1-3 times normalized DFT of X 0 (n) respectively. The normalized DFT and Inverse DFT (IDFT) can be expressed by
Then the classical 4-WFRFT of X 0 (n) can be described as
where α is the WFRFT order, and ω l (α, V ), (l = 0, 1, 2, 3) are the weighting coefficients. It's generally accepted that the definition of MP-WFRFT can be classified into three aspects of weighted functions, weighting coefficients, and the relationship between them. VOLUME 6, 2018
A. WEIGHTED FUNCTIONS
To the best of our knowledge, when the period of α is set to some integer, the number of functions is also the same integer. For example, when we set the period of α to 4, the WFRFT of X 0 (n) is expressed as (3) . X 0 (n), X 1 (n), X 2 (n), and X 3 (n) are the weighted functions. Let X 0 be the vector form of X 0 (n), and
where (·)
T is the transposition operation. X 1 , X 2 and X 3 are the corresponding vector forms of X 1 (n), X 2 (n), and X 3 (n) respectively. Then, in the matrix form, according to (1) and (2), it can be proved that X 2 and X 3 are the shift transformation of X 0 and X 1 respectively, which are given by
where the shift matrix Q N is
The normalized Fourier matrix is unitary, whose inverse transformation matrix can be calculated by
Let I N be the N -by-N identity matrix, and X 0 = I N X 0 . Then, I N , Q N , F N , and F
−1
N constitute the weighted functions of MP-WFRFT.
B. WEIGHTING COEFFICIENTS
ω l (α, V ), (l = 0, 1, 2, 3) are the coefficients of MP-WFRFT, which can be expressed by
where α and V are the MP-WFRFT's parameters. The period
, and α ∈ R + . Meanwhile, in order to satisfy the boundary conditions,
When M = 4, V = 0, the MP-WFRFT degrades into the classical single-parameter 4-WFRFT with only one parameter α.
C. RELATIONSHIP BETWEEN WEIGHTED FUNCTIONS AND WEIGHTING COEFFICIENTS
Although there are some differences among various periods of α in MP-WFRFT, the most properties and analytical methods are similar. So for the convenience of analyzing, we set the period of α to a constant integer 4 in the following sections, namely, M = 4. After substituting (4), (5), (6), and (7) into (3), we rather obtain the functions of MP-WFRFT
where W N (α, V ) is MP-WFRFT matrix, which is defined as
Equation (3) represents the relationship between weighted functions and weighting coefficients. In accordance with (3), Fig. 1 shows the implementation process of MP-WFRFT. As depicted in Fig. 1 , it is obvious that the signal modulated by MP-WFRFT consists of four parts. In (3), the first part with coefficient ω 0 (α, V ) and the third one with coefficient ω 2 (α, V ) are time domain signal. And the second and fourth ones with coefficients ω 1 (α, V ) and ω 3 (α, V ) respectively are frequency domain signal. The time domain signal superposition is related to the constellation rotation and splitting characteristics. Since DFT is a linear transformation, the DFT of random time-domain signal is closely related to the Gaussianlike characteristic [30] , [31] .
Since we mainly focus on the constellation-splitting criterion in MP-WFRFT modulations, more attention should be paid to the first and third parts rather than the second and fourth parts in (3). The second and fourth ones can be simply regarded as the quasi-Gaussian noise, whose power should be confined to a small limit.
Moreover, according to the MP-WFRFT's implementation process in Fig. 1 , MP-WFRFT employs only one DFT module and two inverse modules. With the block length N , DFT can be implemented through the fast algorithm, Fast Fourier Transform (FFT), whose calculation complexity is O(N log 2 (N )). As shown in (3), another 4N multiplying operations are needed when implementing MP-WFRFT. Because the Inverse module doesn't incur addition or multiplying operations, the proposed constellation method based on MP-WFRFT needs O(4N + N log 2 (N )) operations. Thus, compared with the FFT process, the proposed constellation method would bring a negligible computational burden, which guarantees that the MP-WFRFT can be easily applied to practical communication system. According to the definition of MP-WFRFT and its three main aspects, 9 parameters in [α, V ] should be taken into consideration in the quantitative research. In the following three parts, we will analyze the constellation-splitting criterion in detail.
III. ANALYSIS OF SIGNAL SUPERPOSITION CHARACTERISTICS
As discussed in Section II, we build our theory model on condition that the second and fourth parts in (3) can be regarded as the Gaussian noise with small power and have little impact on the constellation pattern when the parameters [α, V ] are selected properly. In order to research the constellation-splitting criterion, we mainly analyze the signal superposition characteristics in time domain. According to (5) and (6), X 0 (n) and X 2 (n), (n = 0, 1, · · · , N − 1) can be considered as two arbitrary 4QAM sequences for dealing with large volumes data. Through quantitative and qualitative analysis, we provide the constellation-splitting criterion and give four related theorems and their corresponding proofs. In the following paragraph and figures, we often omit the parameter set vector (α, V ) in ω l (α, V ), (l = 0, 1, 2, 3) and used the short notation ω l , (l = 0, 1, 2, 3) for the description's clarity. Theorem 1: It's generally known that an arbitrary 4QAM sequence has a 4-point constellation, evenly distributed in four quadrants, as shown in Fig. 2(a) . The superposition of X 0 (n) and X 2 (n) will cause each of the four original points split into 4 separate points, and the number of total constellation points should be no larger than 16 .
Proof: Let S α V (X 0 (n)) be the superposition of time domain signals. Considering the corresponding weighting coefficients, the superposition signal can be expressed by
While for the convenience of analyzing, we swap the locations of original constellation points and weighting coefficients, the analysis method is illustrated in Fig. 2(b) . In the novel structure, the original points in X 0 (n) and X 2 (n) are regarded as the weighting coefficients, which correspond four counterclockwise rotation operation with rotation angles of 45, 135, 225, and 315 degrees respectively. ω 0 and ω 2 are used to form the MP-WFRFT modulated constellation. Then, determining how many constellation points in (11) is equivalent to figuring out how many different combinations of ω 0 and ω 2 after rotation operation. Let R = { r 0 , r 1 , r 2 , r 3 }. r 0 , r 1 , r 2 , and r 3 denote the unit vectors with rotation angles of 45, 135, 225, and 315 degrees respectively. We select one vector from R to weight ω 0 , and then select another vector from R to weight ω 2 . The two vectors may be the same or not because the selection process is random for a large amount of sequence. By using the regulation of permutations and combinations in mathematics, there are 4 × 4 = 16, different kinds of rotation operations. Because some constellation points are too close to distinguish each other, the number of total constellation points can be less than 16. Especially when ω 0 or ω 2 is equal to 0, the constellation points can degrade into 4 points, which is quite the same with 4QAM. Theorem 2: In some way, every four constellation points in (11) can compose a square. There are four squares with their sides perpendicular or parallel to each other.
Proof: As expressed in Theorem 1, there are 16 separate constellation points in general. As shown in Fig. 3(a) , one quadrilateral consists of four separate constellation points A 0 , B 0 , C 0 , and D 0 , which are the compositions of vector ω 2 and ω 0,i , (i = 0, 1, 2, 3). ω 0,1 , ω 0,2 , ω 0,3 , and ω 0,4 are generated from the original vector ω 0 , with rotation angles of 45, 135, 225, and 315 degree respectively. As illustrated in Fig. 3(a) , −−→ A 0 C 0 is parallel to ω 0,1 , and
Then we can conclude that the quadrilateral consisting of A 0 , A 1 , A 2 , and A 3 is square. The same goes for another 12 constellation points, which are shown in Fig. 3(b) . S i , (i = 0, 1, 2, 3) denotes a certain square of Fig. 3(b) , and S i consists of A i , B i , C i , and D i . Then we can draw the following conclusions:
As shown in Fig. 3(b) , the following cases are equivalent:
• Case1: ω 0,i and ω 2 are parallel or perpendicular.
• Case2: A 0 , B 0 , and A 3 are collinear.
Proof: In Fig. 3(b) , the square S i , (i = 0, 1, 2, 3) is actually produced by the central square through translation along the vector ω 2 exp (jtπ/2) , (t = 0, 1, 2, 3). So the properties of every square S i , (i = 0, 1, 2, 3) is quite the same.
In Fig. 4(a) , the geometric relationships of the square S 0 and S 3 are taken as an example to analyze the specific angle and location relationships in depth. Fig. 4(a) shows the situation where S i , (i = 0, 1, 2, 3) are overlapped, and Fig. 4 1, 2, 3, 4) , which satisfies the following expressions
On basis of analytic geometry, the relative expressions can be deducted as follows
After substituting (12) , (13), (14) and (15) into (16), we can deduct the following expressions
Equation (19) shows that ω 0,1 and ω 2 are perpendicular, and then ω 0,2 and ω 2 are parallel. Finally we can draw the conclusion that Case1 ∼ = Case2. In Fig. 3(b) , the coordinates of B 0 and D 0 can be also calculated
On condition that ω 0,2 and ω 2 are parallel, we can easily get the idea that O, B i , D i are collinear. Above all, we can conclude that Case1 ∼ = Case2 ∼ = Case3. Theorem 4: In Fig. 4(a) , let B 0 ,A 3 denote the distances between B 0 and A 3 , and let B 0 ,A 0 denote the distances between B 0 and A 0 . On condition that A 0 , B 0 , and A 3 are collinear, the B 0 ,A 3 -to-B 0 ,A 0 ratio satisfies the following equation
Proof: There are two major types of geometric distributions, as illustrated in Fig. 4(a) and Fig. 4(b) . In Fig. 4(a) , according to Theorem 2, the square S i , (i = 0, 1, 2, 3) is produced by the central square through translation along the vector ω 2 exp (jtπ/2) , (t = 0, 1, 2, 3). The same goes for Fig. 4(b) , so B 0 ,A 0 is equal to the side length of the central square. Then the side length B 0 ,A 0 can be easily calculated using the following expression Considering that ω 2 and ω 0,2 are also collinear, and ω 0,1 = ω 0,2 exp (−jπ/2) , then the following expression can be deducted
Then we can draw the conclusion as expressed in (22) .
IV. SEARCHING THE OPTIMAL PARAMETERS USING GA
On the basis of the four theorems of Section III, we will continue our work with a major focus on how to find the optimal 9 parameters in [α, V ] to form the constellation patterns depicted in Fig. 4 . There are two major constraints as follows:
• ω 1 and ω 3 are the vectors to generate Gaussian-like noise in constellation pattern, so the magnitudes of them should be confined to a certain extent. For example, |ω 1 |, |ω 3 | ∈ [0, δ 3 ]. δ 3 is the factor acting as a power controller of the Gaussian-like noise. Then how to decide the value of δ 3 depends on the actual demand.
• As illustrated in Theorem 3 of Section III, ω 0,i and ω 2 should be parallel or perpendicular to form the similar constellation patterns in Fig. 4 , which resemble the constellation pattern of 16QAM. In addition, by properly selecting the magnitude ratio |ω 0 |/|ω 2 |, we can obtain the expected splitting patterns in Fig. 4 . As stated in Section I, in MP-WFRFT based systems, to get a desired constellation disguising performance, we should have a deep insight into the inherent constellation splitting mechanism and then seek out the corresponding parameters selection methods, which can finally boil down to finding a proper parameter set [α, V ] to get expected constellationsplitting patterns with a controllable Gaussian-like noise. Besides, based on the two major constraints described in the first part of Section IV, the magnitude of ω 1 and ω 3 directly determine the Gaussian-like noise power; in addition, by properly selecting the magnitude ratio |ω 0 |/|ω 2 |, we can obtain the expected splitting patterns in Fig. 4 . Thus, in order to validate the four theorems provided in Section III, we mainly pay our attention to time domain signal's superposition. In (3), the time domain signals ω 0 X 0 (n) + ω 2 X 2 (n) should be the predominant one compared with the frequency domain signals ω 1 X 1 (n) + ω 3 X 3 (n). Meanwhile, considering X 0 (n),X 1 (n),X 2 (n) and X 3 (n) have the same power, we can mainly pay our attention to the coefficient magnitudes of ω 0 ,ω 1 ,ω 2 and ω 3 . Then, as for the optimization establishment, on the condition that the magnitude of ω 1 and ω 3 are confined to a certain small extent, we make the magnitudes of ω 0 and ω 2 large enough, and further select the corresponding magnitude ratio |ω 0 |/|ω 2 |. Based on the above analyses, the final optimization model can be set up as follows
where, g is the ratio factor and has a direct effect on the splitting patterns in Fig. 4 . Owing to the periodicity in ω l , we only consider the cases where the parameters in [α, V ] are greater than zero. As for (26), Q is the upper bound for the integer in V , and δ 1 ,δ 2 are the constraints for ω 1 and ω 2 .
As for the optimization programming in (26), we can achieve the optimal solution by setting the values for δ 1 ,δ 2 ,δ 3 , g and Q properly and adopting the related optimization algorithm. As for the optimization programming shown in (26) , there are total 9 parameters. α is the only real number, and the other 8 parameters in V are integers. Obviously, the adopted optimization model is one kind of Mixed Integer Programming (MIP) models. As for MIP, the branch and bound algorithm is often adopted [32] , [33] . Because the main purpose is to search a proper combination of α and V to transform the 4QAM constellation pattern into 16QAM-like constellation pattern, the actual optimization does not require very high precision. Compared with the branch and bound algorithm, GA doesn't need initial parameter values and can save large amount of calculation time. Meanwhile, GA can converge to the global minima in a probability of 90% [34] - [36] . In view of above-mentioned facts, GA is a better advice to solute the optimization programming in (26) .
V. RESULTS AND ANALYSIS
In this section, we examine the theorems provided in Section III. The simulation results are given out on the following three aspects: Blurring and rotating characteristics, Constellation-splitting criterion verification, and Antiintercepting ability. In (26), Q is set to 100, which means that the maximum value of m i and n i , (i = 0, 1, 2, 3) is 100. As for the optimization programming, we adopt the intelligent algorithm GA, whose initial searching conditions are Generations=100, PopulationSize=20, CrossoverFraction=0.8, and ParetoFraction=0. 35 . In GA implementation, considering the three genetic operators of selection, crossover and mutation have some uncertainty, GA can only obtain the approximate solutions. In the following parts of the paper, for description's clarity, we still call the GA's solution the optimal solution. We can change the initial conditions based on the actual optimization requirements. To reduce the computational complexity, the Fast Fourier Transform (FFT) algorithm is used to implement the DFT module of Fig. 1 in the simulation. In the following simulations, the majority of real numbers are displayed with an accuracy to 4 decimal places. Besides, given that the MP-WFRFT based system is sensitive to the WFRFT order α, α is truncated to 8 decimal places.
A. BLURRING AND ROTATING CHARACTERISTICS
To illustrate the relationship between weighted functions and weighting coefficients described in Section II, the related simulations are conducted. To test MP-WFRFT signals' Gaussian-like characteristic, we revise the magnitude constraints to max(|ω 1 | , |ω 3 |) > δ 3 . And δ 1 , δ 2 , and δ 3 are set to 0.1, 0.1 and 0.5 respectively. Table 1 Table 1 correspond Fig. 5(a) and (b) respectively. As shown in Table 1 (a), |ω 1 | + |ω 3 | = 0.5754, then the power of the frequency domain parts ω 1 X 1 (n) + ω 3 X 3 (n) in (3) is large enough to make the MP-WFRFT signals' constellation distributed blurring in the X-Y plane (as shown in Fig. 5(a) ), which mainly because ω 1 X 1 (n) + ω 3 X 3 (n) exhibits strong Gaussian-like characteristics in this case.
We also test the constellation rotation characteristic caused by the weighting coefficients, based on (26), g, δ 1 , δ 2 , and δ 3 are set to 0.1, 0.1, 0.1 and 0.5 respectively. As shown in Table 1 (b) and Fig. 5(b) , the angle of ω 2 is just in accordance with the entire rotation angle of the MP-WFRFT signals' constellation (185 • = 180 • + 5 • ), which demonstrates that the weighting coefficients ω 2 for the time domain parts ω 0 X 0 (n) + ω 2 X 2 (n) are directly relevant to the constellation's rotation. 
FIGURE 6. Constellation of MP-WFRFT with different
ω 0 / ω 2 . (a) ω 0 / ω 2 = 0.5. (b) ω 0 / ω 2 = 1. (c) ω 0 / ω 2 = 2. (d) ω 0 / ω 2 = 3.
B. CONSTELLATION-SPLITTING CRITERION VERIFICATION
In order to verify four related theorems about the constellation-splitting in Section III, based on the optimization programming in (26), we add another two constraint conditions ||ω 0 |/|ω 2 | − g| − 10 −2 < 0, ω 0 ⊥ ω 2 to the set of constraints. And δ 1 , δ 2 , and δ 3 are set to 0.2, 0.2 and 0.005 respectively. The different parameters, [α, V ] and the related operation results on ω 0 -ω 3 are listed in Table 2 . Scenarios (a)-(d) of Table 2 correspond Fig. 6(a)-(d) respectively. Fig. 6(a)-(d) illustrate the four different constellation patterns with g=0.5, 1, 2 and 3 respectively. As shown in Fig. 6(a)-(d) , the constellation cluster in a separate color (Yellow, Green, Red, and Blue respectively) can be regarded as the original sources from 4QAM, then it can be easily found that the original 4QAM signal can split into 16 points at most, which is consistent with Theorem 1 in Section III. Besides, according to the MP-WFRFT signals' constellation in Fig. 6 , the related parallel, perpendicular and collinear relationship can also be clearly observed to verify the correctness of Theorem 2 and Theorem 3 in Section III. From the angular difference between vector ω 0 and ω 2 , we can conclude that ω 0 and ω 2 are almost perpendicular, which is consistent with Theorem 3. As for Theorem 4, take Fig. 6(c) for example, by measuring the actual distance of different collinear points in Fig. 6(c) , the distance between points T 1 and T 2 is 18.4861, and the distance between points T 1 and T 3 is 36.6636. Then we can conclude that the distance relationships between different points are highly related to the |ω 0 |-to-|ω 2 | ratio, which is consistent with Theorem 4. We can also find that there is an evident deviation on |ω 0 | / |ω 2 | in scenario (d) of Table 2 , and this shows that GA will have a bad performance when |ω 0 | / |ω 2 | is larger than 2. For comparison, we exhibit the constellations of SP-WFRFT signals with different α in Fig. 7 . When comparing Fig. 5 and Fig. 7 , we can conclude that MP-WFRFT can also yield the rotating and Gaussian-like constellation. Thus, MP-WFRFT can be well compatible with SP-WFRFT in the constellations' distribution. Besides, as shown in Fig. 6 , unlike SP-WFRFT, MP-WFRFT has its particular constellation splitting characteristics. The splitting characteristics can help disguise the original signal into other higher order baseband modulations, and then make MP-WFRFT gain more security than SP-WFRFT.
C. ANTI-INTERCEPTING ABILITY
In order to evaluate the MP-WFRFT based system's antiintercepting ability, we conduct the related simulations through Monte Carlo methods and illustrate the Bit Error Rate (BER) performances comparison between the intended receivers and unintended receivers.
1) BER PERFORMANCES OVER AWGN CHANNELS
With the AWGN channel, in order to disguise the original 4QAM signal as 16QAM signal, δ 1 , δ 2 , and δ 3 are equal to 0.2, 0.2 and 10 −6 respectively, and the |ω 0 |-to-|ω 2 | ratio g is set to 1. As GA is an approximate optimal algorithm, the approximate solutions may be different for each time. As listed in Table 3 , five optimal parameter sets, [α, V ] in different GA scenarios are listed. The original signal, 4QAM is modulated by MP-WFRFT with FFT length N = 1024. To accelerate the simulation and improve operation precision, representative results are averaged over 100 trials. In addition, the length of the original signal is set to 1024 for each trial. The Energy per bit-tonoise power spectrum density ratio (EbN0) is in [0, 12] dB. Moreover, the optimal parameters are listed in Table 3 . We choose [α, V ] as the transmitter and intended receiver's final optimal parameters. The different sets of parameters [α, V ] will help increase the communication security and protect the original from being demodulated by the unintended receiver. Fig. 8 exhibits the BER performances for different scenarios. As shown in Fig. 8 , the BER performance of the intended receiver is almost identical to the theoretical performance of 4QAM. This is mainly because MP-WFRFT matrix is unitary and has little or no effect on the power of noise.
Although the five optimal parameter sets of Table 3 are all generated from optimization model in (26) through GA, the BER performance of the intended receiver is much better than the unintended receivers with other four parameter sets. As can also be observed in Fig. 8 , without the correct MP-WFRFT parameter set, the unintended receiver demodulates the receiver signal in a wrong way and will hardly get any correct information (BER is around 0.4). Considering the case that the unintended receiver well obtained the preset parameters, except for the MP-WFRFT order α = α + 10 −6 , the unintended receiver still has a 1.6 dB disadvantage when compared to intended receiver at BER = 10 −4 . Moreover, we can also find that there aren't any error bit when VOLUME 6, 2018 EbN0 > 10dB, this is mainly because the simulation precision is confined to 1/1024/100 ≈ 10 −5 .
According to [17] , as for SP-WFRFT the acceptable tolerance, δα is 0.03. In contrast, for MP-WFRFT, at BER = 10 −4 , the order offset 10 −4 can still incur a 1.6 dB disadvantage, which shows that the MP-WFRFT based system has much stronger anti-parameter scanning ability than SP-WFRFT based system.
FIGURE 9.
Comparison on BER over multi-path channels for different scenarios.
2) BER PERFORMANCES OVER MULTI-PATH CHANNELS
To further analyze the MP-WFRFT based system's antiintercepting ability, we also conduct the simulation over multi-path channels. For the multi-path channel, we adopt a four-tap Wide Sense Stationary Un-correlative Scattering (WSSUS) channel. The four-tap WSSUS channel has an exponential multipath intensity profile with the Normalized Doppler Frequency (NDF) equal to 0.00001. Considering the multi-path channel will exhibit a strong frequency-selective property, for the sake of brevity, we assume the MP-WFRFT based system is operating under the same condition as the Scenario (a) in Table 1 To directly exhibit the time-frequency distribution property, we haven't ulitized the Cyclic Prefix (CP) and Frequency Domain Equalization (FDE) modules to enhance the system's anti-interference ability over multi-path channels. EbN0 is in [2, 18] dB. The BER performance comparisons are displayed in Fig. 9 . As illustrated in Fig. 9 , for the intended receiver, with the increase of EbN0, there exits an error floor (BER is around 0.06), which is mainly influenced by the multi-path fading effects. In addition, for comparison, we assume there exists a MP-WFRFT order offset δα for the unintended receiver. And the corresponding BER performances are depicted in Fig. 9 with δα = [10 −1 , 10 −2 , 10 −3 , 10 −4 , 10 −5 , 10 −6 ]. As shown in Fig. 9 , for the unintended receiver, when δα > 10 −4 , there exits a dramatic BER performance deterioration and the BER is around 0.5, which means that it's hard for the unintended receiver to intercept any useful information from the current communications.
As shown in Fig. 5(a) , owing to the blurring property, the original signal can behave like the Gaussian noise, which will make it quite difficult to be detected by other unintended receivers through traditional energy-based and statisticsbased detection methods. Besides, as depicted in Fig. 6 , the constellation splitting diversity can also serve as an effective way to disguise the original signals (4QAM) as other higher order baseband modulated signals, which helps prevent the system from being recognized through constellation-based recognition methods. In addition, based on the simulation results in Fig. 8 and Fig. 9 , when other unintended receivers know only a few parts of the parameters or have no idea of the parameters completely, there exists an obvious reduction in BER performance compared with the intended receivers. Based on the facts mentioned above, we can conclude that MP-WFRFT can be utilized to guarantee the communication security.
VI. CONCLUSION
This paper proposed a new MP-WFRFT constellationsplitting criterion through geometry analysis methods. We put forward four theorems and validated them through Monte Carlo simulations. The Gaussian-like property and the constellation disguise can also protect the original signal from being detected by the unintended receiver. In the AWGN and multi-path channels, when other unintended receivers know only a few parts of the parameters or have no idea of the parameters completely, there is an obvious reduction in BER performance compared with the intended receivers, which shows that MP-WFRFT can be a promising technology in secure communications.
As the four theorems are proposed based on the signal superposition characteristics in the time domain, it's easy to expand them to the situations where the period of α, M > 4. The same analysis methods can be also applied to other baseband modulations, namely, ASK, PSK, QAM etc. Based on the conclusions about MP-WFRFT obtained in this paper, we can further conduct the quantitative analysis and evaluation on MP-WFRFT's other characteristics, such as Peak Average Power Ratio (PAPR) and higher-order statistical property. In our next studies, considering that there exits an obvious error floor due to the multi-path fading effects (just as shown in Fig. 9 ), we will do more works on the equalization and optimization. We will also proceed with our work on the ability to resist other interferences, such as ICI and ISI, to further evaluate the practicality of MP-WFRFT based systems. Moreover, considering spatial modulations has given rise to a brand new 3-dimensional (3-D) modulations by exploiting the potential of both space and signal domains [37] , our further study will also involves the combination of the MP-WFRFT with space domain technologies. 
